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ABSTRACT

This paper presenis an outline of the theory of the Tesla
transiormer. The circuit behaviour under the vanous
conditions at coupling and tuning is investigated. The
hasic governing equation of the secondary output voltage
of 1he device js analyzed to detecmine the constraint on
the .circuit parameters for achigving maximum volage
gain, To this gnd, new equations are derived. Also the
construction of an experimantal Tesla transtormar is
described and its practical apptication in high-voliage
insulator testing is discussed,

1. INTRODUCTION

High-voitage impulse generaters based on the Marx circuit
design for ¢charging capacitors in parallel and discharging
them in sories provide weli-defingd wave shapes far
testing insulation structures over a range of differant
capacitances, Pulse traasfarmer circuits, designed to
operate 2s a Testa or double-resonant circuit, can aiso be
used {Or gengrating high altarnaling tast voltages with the
added advantagss of low-cost, pertability and high
repetition rates of operation. Numerous papers have been
nublished with particular emphasis on the Use af the Tesla
transformar in relativistic electron beam generators [1,2}.
Howaver, its application in the area of high voltage testing
is limitad dua to the output wavetorm dependencs on the
load capacitance and the swong radio Inieference
gengraied by the spark gap. When testing different test
objects, the changing capacitive Ioad atfects the osciliatian
fraquency of the secondary winding of the transformer. As
2 resull, the primary ¢ircut hias to be re-tuned 1 mamntain
resonart operation.

Alhough it is ditficult to control the waveshapes, the
damped hign frequency osciilalions aré somawhat similaf
to typical ransient diswibancss in power systems such as
thoge causad by switching oparations or by arcing
grounds. Consequently, the Tesla transformer has been
used as a supplement 16 the Marx geasrator in some HV
Jahoratories for insulator tesiing. Recenlly, the tesla
transformer has been used successhully as part of a plant
for synthetic testing of circuit breakers {3]. is high
repeliion rate enables quick detesmination of the dialactin
recovary Curve in ane operation.

Aftor a bnef review of tha Tesia \ransformer thaory, this
paper distusses soma af the more impanant aspects mn its
design and operation. Rather than optimzing the energy
transtar eificiancy, consideration is also Qivaen ta other
circuit designs for maximizing the ouiput vollaga where
soms néw results are presanted. As an example, the
details of a pototype Tesla transformer with an output of a
few hundred XV ara given. Practical probiems involved in
the construction and its Use in the llashover westing of
soma high voltage insulators are discusseq.

2 THEORY OF OPERATION
2.1 Equatign for the secondary qiput voltage:

A sirpiified equivalant cireuit of the Teskz transiormer is
shovwm in Fig.{. Basically it consists of two LC cacuits
laosely coupled (air-core) through the mutual inductance
M. Commulation across the spark-gap is inibated wiien the
primary capacitor C4, chamed from an ac or de source {not
shown in the diagram), reaches a given potential. This
results in an oscilatory current flowing in the primary
circuit LyC+4 which than induces oscillations in the
secondary eircuit LaCo. 1o practice, the outpul voltage s a
high-frequency dampad oseillation dus to tha eflect of
hnite winding losses.
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Fiq.1: Basic circuit diagram of tha Tesla transformer.

Assuming that the windiag resistances are neghgible, the
circuit satislies the fallowing systern of two linear
homogeneous eqQuations:

diq din 1 r

b - gt * ME‘ + C; Jhdl' = 0 (12}
di di 1 ¢

Lage + Mg + & Jizdt = 0 {1b)

The auxiliary equation can be found by subsiituting iy = Cy
(dv4/at) and ia = Cz (ava/dt) into the above aquatens and
then eliminating vy

dévp 2 2
(g8 + (o~ 9) g
Here K is the coupling coethcent:

kK=MsVLil2 {3)

2
d—v2+mfm§vg = O (2)

which must satisty the physical constraint O<k<1. @y and

w arg the angular resonant frequencies of the uncoupled
pamary and secondary cCircults respecuvaly {(also called
Iha opan-arcumt resonancesy;
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£q.2 15 a fourth-order linear homogenecous ditferential
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squation. i is a wagthy Dut stragitiorward process 10 fing
the analytical soltian tar the sacondary output voliags
vail). The Tuli denvation can be found 1 2 hUMbAe? ol eandy
rafgrences, a.g. 14).

It is of interest to deternune how the autpul woltage
changes with respact 16 the coupling cosfiicient k and the
tuning ratio T, the iatter baing defined as:

T = (L2 (LeCr) ~ ay/ S

T must be positive 0 have any physical siQninicanca. The
gaverning equation tor the autpul voitags [4) can bs
r2arranged in anathar form:

2xVy LIk

NT2akET Y

where V, is Ung initial voitage (at time t=0) across Cio w8
are the resonances of tha paméry and secondary CirCuils

when couypied:
'1 * I !I"ﬂri 1 "Tizlr "4k2.F ]1;2
2{1-k%)

vo(t) =

w2 1= @z (7}

The physical consiraints on the possible vaiues ofk and T

ensune that the arguments in the twa squara roots raguired
in EQ.7 are aiways positive and hance wi's are real. Also if
only positive rocts are used then: 8

we > Wy >0
Eq.6 shows that the owgput voltaga is a hign frequency
oscillatian J(wi+w2)/2] which 15 amplitude modulated by
another iow iraquancy oscillation [{wz-wq 2]

Fram £q-8, the maximum voitage gain is:
{ L
G = .l_‘-f-" — (&L whare G = Lf {9)
(ot + T
Or using Eg.5, another equivalent exprassion for G is
T C
G = LI Ge whara Gg = L {10)
1-T, 4 Oz
[g'kj + 7T

E4.9 shows that for any value of T, an uppe¢ l¢nit can be
lcund by choosing the maximum vaiue of K. With «x
approaching 1, the first term in EqQ.8 becomes:

2

Gi= 427 119
cxcepl for tha consiant multiplying {actor G, this gives g
tngoratical upper timit an the valkage gain as a funckon of
the tuning rata. The acwal maximum voltage gain is
boungd by this uppar limit and zero, Tae probiem now s to
determing the propar combination of T and k s0 that tha
veltage Gaif is as close &8 possible 10 the limit sat by
EqQ.11.

The constraint On T and k ¢omes from £4.6 where both e
sine terms ara required 10 ©€ equal to =1 simukanecusly
sa that the gam given by EG.9 ¢an be achievad, L.8.

WitWz K
D 13:24-“13

W2-Wi L
and D = 2 +Nx (12)

where m and a aie intagers {pasiwve or negative). Without
0ss of generality, n can ba st ta zaro (simply By shifting
N2 tima ongin). Tharetoe:

wWa 1 +im
wy m (13)
Substruting wi's as givan by EqQ.7 inta £4.13:

(T (1)
47

K= (14)

L2
o I

whefa.
(18)

{16}

Now. Eqs.8 and 13 snow that m can D8 any iateger
gxcluding 0 and -1, Furtharmora, EQ.15 shows that o 1S &
function ot m and that a{m) = w[-(m+1)]. For example,
ai2)= 513 whereas of-3) = -313. In other words, o? has
ihe same value for both m and -(m+1), Cansequently, it 1S

only necessary for the analysis to be carried out for the
case of posilive integers, Le.m = 1,23,

EqQ.16 is a new result and is imponant in that it allows
optimization of the gain 10 be easily achieved. For a given
T, it is not difficull to séé that the gain 15 maximized it m=1.
On the ojher hand, for a given value of m Eq.16 has ko be
solvad numericailly and the maximun gain can be found
frorm tha piat of the gain versus T. Also i mis knowd, £3.14
can be used to find the appropriate coupiing coefficient.
Table 1 shows the results for the first few positive .ntegers
m:

% @ l 4 2 3 4 3 10
T {g 0766 0.683 0812 0938 0.982]

541 :
0.215 0,178 0.085

i’ « | 0848 0.364 0.271
Gh’i!_ 1.180 1.073 1.088 1.024 10168 .0051

— S
Table 1: Maximurn gan ratios as afuncticn of mand T,

It ran be sean that as m ingreases the maximum of the

_ratin {GIGL) decreases, approaching unity. Thus the

maximum possible vohage gain occurs when k=0.548 and
T=0.541 which gives:

This observation hes also been noted elsewhare [J].
Howeaver, the analysis outlined hera 18 more generai
whereas in that study it was carried out for anly One
special case where wa/w=2 which is equivaleni 1o m=1.
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Fig.2: Plot ¢f voliage gain vs g ¢aho.

The vollage gain coetticient versus the uning rato is
plotted in Fig.2. Also shown is the upper kmit as given Dy

£a.11, Note ihat for each value of m, « is ixad anc tne

condition Q<k<t. togather with £q.14, determines the
rangs of valid wnthg ratios:

j:lm]2 <T <

1+rﬂ]2
1+

T 1L

Oulsids this range, it IS not possidble to solve £q.18 s 1nat



the gain in this case is zero. To find a betier gain, perhaps
ore needs 10 rely on a different analysis where i1 15 not
required 10 have the sine terms of £q.6 equal 1o xi
simultangously. Another ¢anclusion which can Je drawn
from Fig.2 is that for 0.5<T<1.5, the circurt parametess can
be chosen 1o achieve a voltage gain very Clo3e 10 tha
thaaretical upper kmit.

The rasults from Tahie 1 show that regardiess of how
Icose tho coupling is, high voltage excitation Is still
possible provided the coils are properly tuned 1o tne
correct valse. This explains the interesting pnéadmaenai
comatimes obsarved whera othar cous in the vicinky can
respong with sparking even though they are not physicaily
connected to the TJesla transiormer. Howevar as K
decreases, higher harmonics am required to maximize the
oulput volage. Cansequently the ajowable lunng range,
as determinea by Eq.18, becomes tighter and thus the
possibilly of excitation 18 much raduceg.

2.3 Maximum powsr transfer:

Consider the spacial case where the open-circuit résenant
frequancies of the pamary and secondary circuls are

equal, i.@. 1 = wo = w. Tis gives a unity twning raiod (T=1)
£qs. 6 and 7 raduce to.

valt) = V1 \ 2 sl g 20 siol 5

(19)
wheie.

Wiz = ﬁ: 120)
Obviously, the maximusm volkage gain in this case 1s:

6= it = Ve @

which is not depancant an m. In other wards, al! the curves
in Fig.2 c¢oincide at T=1. Using Eq.14, the coupling
coefliclent bacomes:

K= ot (22)
The above retationship is difterant {rom that derived in (€]
which gives K = (2m-1)(2m+1) where m=123,... It is only
for the case of m=1 that both expressions give tha same
answar, i.e. K=0.6.

Usually, Tesla transformers are aesigaed such that T=1
and k=0.6. Under this condition, total transtar of energy
from the primary to the secondary capacitor is achieved
[B). However, the maximum passible voitage Qair ia this
case 15 {858 than the maximum qain ach.eved with
T=0.541 and ke=0.548. Note that trom £q.2C, the ciased-
circuit resonarnces have a frequancy ratio of 2:1.

2. EXPERIMENT AND DISCUSSION

Althougn the basic Tesla transfarmer ¢ruat is S:mpis and
requirés very few components, thera aré praciical
probiems that must be considersg in the CoasStruclicn.
Some useful suggastions can he tound in relerence [8]. U
provides a collaction of ditferent circuit configurations aad
also practical design datans of the componeats.

A small prototype Tesla transtormer was contructed ict Usé
in the tanoratory. The details of the design are as {oiiows.
A SOHzZ ac¢ suppiy is used. The oil-fuied capacior on ihe
primary side s Cq=0.0154F ang rated &t :3kV, i.a. the
maximum stored enargy 1s ~1.74. It is ¢crarged through 2
step-up 240VISKV cantér-tap nedn traasiormer, rated at
450VA. The spark gap is a rotary type which consists of &
moior-drven paxelite Cisk wilh 8 meial 5iuGs equaly
spaced around the periphery. lThe aischarga rae 3
dependent on tha setiing of the mctor spead. Nowe that
with @ stati¢c spark gap, quenching of the Spark gap is a

commen probler. Due © intensive hgat and oxidaluon,
electrode replacerient andg frequent adiustment of the gap
disiance are necessary. On the other hand, arc
inerruphen s Quicker with the rotary type and moie
controllable, thus allowing a higher firing rate. Also, fhe
electrodes are subject to less wear because ot the
reduced arcing.

Tha 1ormes for the secondary coil & a length of PV
tubing. The diameer is d=11cm and the length is h=75Cm.
its inductance L ¢an be calculated using the formula for
self-inductance of an air-cared solencia:

1o j.LDE'iET'IA £23}

whefe n ig the number of turns per metve, A 1s its cross:
sectional ziea and yy is the free-space permeabliity. Witn

n=1700 turns/metie, iz is ~26mH (22mk measured wilk
an LCR bridge).

The pamary ¢cil, using tricker gaugs wire, ig a cylindcical
spiral pancake. The racii of the top and boitom s.des are
3Ccm snd 20cm respectively and the haight is h=20cm.
The to:al rumbar of tums s N=1C and a number of tap
noints are provicen & ailow fine tuning. It the cort is
considered as a cylinder with a mean radius r=25cm $0

that £¢.20 is apoicavle, its inductance is ~123uH. At tne
other extrems, it il s 2pproximated as a fiat of single-layer
spical pancaxa then the ermpirical formula {8.9] gives an

inductarce of ~83uH which is closer 10 the measured
value of L{=75uH.

For high frequency operation, the physical size of s
secondary coil becomes significant, l.e. tne tatal ware
lengtn becomes comparabie 1o the wawvelength of the
osciflating signal. if it 3s tuned to function as a quarter-
wava resonator then the vokage at one end of the cail s
atways fixed a1 the munimpm {nede) whereas the voltage
ar the cthar end can swing to the maximum (antinode).
Usually the botiorm end is made a noce {by grounding it)
and providged tie onamary coil is glaced naar this end, the
orabierm of insulanag the HY seconoary cail from tne lower
voltage primary coil is much reduced.

MNow, tne total wire leng:h of the saecondary coil is [ah{ad)}).

If the quarter wavelength theory is applied, the desired
resonan: freguency f2 is:

fo = ¢/4nhxd (24)
wihere ¢ is the propagaton veocity of electromagnetic
waves in free space. For the ccil above, fz is ~170kHz.
Anott:er facior atinduted to the ¢oii sizg is the distributed
capacdance. I is assumed that this can be represented as
a lumped capaciiance Cg. il the capacitance of the test
object is deacted as CL thean the total capacitanca an the
secondary ereud is the parallel combination of these two
Capaceors, ILe.;

Cz=Cqg+ C¢ (25)
By meaasuring the resonant frequency of the stand-aione
sgcendary cod and using Eq.4, Cg can be determined
which, I this case, is ~15pF. 1 C s much greater than Cg
then the capacitive load of the test object has a direct
impacy o the outpul valtage waveshage. The ellect of
varying Jcad capacitances on the maximum gain can be
easily seen from £G.10, 8.g. doubiing the 0ad capacitance

wili reduce e gain by a factor of V2. On the other hand, if
the loag cacacitance & smail, the otlect of the Internal
capacitanca of thée secondary winding becomes significant
and must be 1aken ato coasideration. in this cass, the
circuit sfficiency is reduced. However, the basic circuit of
9.2 can o8 modified by adding an external inguctance
Between the secondady ouiput ang the test ohyact so thal il
cperates as a inple-rasonaant transfermer [7]. Depending
on the selectien of circuit paramelers, complete ensergy
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transfer fram the primary 10 tha kaad can be acneved with
the new Giouil.

A smal aumbar of parcalain HY insulators ard availabia
for gxaenmants. Thair capaciances Gy vary from ~10pF 10
~30pF, L.4. the same arder of magnruda as Cd. 10 reduce
e circuil sensitivity 2 tha changing icad, a small brass
doma & aaded w the HV and af the secongary waich
increasas ihe elfective value of Cy 1o 36pF.

Witn C2, L2 and Cq lixed, iha ramaining circudt parameters
thatl car De adjustad 0 oggimize the oulput voltage are Ly
anc tae coup.ng coefiiciari kK. One passible piocedurs is
first 1o selact she tuning catio T. A value around 1 16 @ goac
choice, the raascn has been ciscussed pefore. This in tum
catevmines tnre primary induciance Ly anda the Coupting
coefiiciant X is given by Eq.14, Note (hat x can de easily
aoiusted and measured Hased on the relaconshi [9).

K e N1 - {WosiWse) {28;

wnere woe and wge are the resenant fraquencias of tae
seccaaary winding wnen the primary winding 1S opan-
cirguac and sherecirceiied ressecuvely. Adusiment s
dong by changing the p:oxiMmily of the 1wo windings.

The Jdes:ga for maximum power rransfer cpatation is also
sraigniforward, For sxample, taxe the case where
C| =10pF. £q.25 gives Cp=40pF and Eq.5 datermines the
choice ¢f Ly, waich is ~87H. From Eq.4, the open-circuit
resonant frequency is 158kHz and then from £q.20, the
closac-Circuic résanant waquéenc.eés are 253kHz and
125kHz. The maximur voinage gawn 5 18. I the peak
cnarging voitage or the pamary is 15KV, this Corresponcs
10 a max:mom output of 270KV,

4. CONCLUSIONS

A brief reviaw of the Tasia transformar thaory was giver.
Bzsed on the stangard expression for the oulput voitage,
the circuit Dehaviour with reéspect ¢ ihe eflect of coupl:ag
an¢ tuning is anziyzeq ic Getermine to conditon for
achieving maximum voiaga qain. Design detais of a
smai. Tesla waaslormer are deschaed. Preliminayy fiash-
cver tests nNave been made on some HV insulalors,
Althcugh tre oulpul waveiom t§ non-standard, such ests
pravide soma uselul indications of the afiect on insulators
¢caused by swilching transient distubances in power
systems. 10 date, very few expeimental resuy.is have baen
obtained due ¢ tnhe afficulty in measuring e outpu
voltage. T n& Lse ¢f & capacittve Giviaer will reduce tne
ouip.: voltage sutstantially and a mach larger primary
capacitor is required to compensate {07 the iGss in gain.
Woik is i Drogress 10 Gavise an allemalive measuremant
iechnqgue.
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